Long-time existence of nonlinear inhomogeneous compressible elastic
  waves by Yin, Silu & Cui, Xiufang
ar
X
iv
:1
70
7.
00
50
4v
1 
 [m
ath
.A
P]
  3
 Ju
l 2
01
7
Long-time existence of nonlinear inhomogeneous compressible
elastic waves
Silu Yina,∗, Xiufang Cuib
aDepartment of Mathematics, Shanghai University, Shanghai, 200444, P. R. China
bSchool of Mathematical Sciences, Fudan University, Shanghai, 200433, P. R. China
Abstract
In this paper, we consider the nonlinear inhomogeneous compressible elastic waves in three
spatial dimensions when the density is a small disturbance around a constant state. In ho-
mogeneous case, the almost global existence was established by Klainerman-Sideris [14], and
global existence was built by Agemi [1] and Sideris [18, 19] independently. Here we establish
the corresponding almost global and global existence theory in the inhomogeneous case.
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1. Introduction
The motion of an elastic body in three spatial dimensions is described by a time-dependent
family of orientation preserving diffeomorphisms, written as ϕ = ϕ(t, x), 0 ≤ t < T , where
ϕ(0, x) = x. Here x = (x1, x2, x3) is called material point, ϕ = (ϕ1, ϕ2, ϕ3) is called spatial
point. The deformation gradient tensor F is denoted as
F =
∂ϕ(t, x)
∂x
∣∣∣
x=x(t,ϕ)
,
where F ji =
∂ϕj
∂xi .
We concentrate on three dimensional inhomogeneous compressible hyperelastic materials
whose potential energy W (F ) is determined only by the deformation tensor F . Denote the
initial density by ρ(x), then the Lagrangian variation governing the elastodynamics materials
takes
δ(ϕ) =
∫ ∫
R3
(1
2
ρ(x)|∂tϕ(t, x)|
2 −W (F )
)
dxdt. (1.1)
Then, we can formulate (1.1) to a nonlinear system
ρ(x)∂2t ϕ−∇x ·
∂W (∇xϕ)
∂F
= 0. (1.2)
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From the groundbreaking work of quasilinear wave equations and elastodynamics in three
dimensions, both the smallness of initial data and null condition in nonlinearities are indispens-
able to make sure the solution exists globally. It is reasonable to consider the elastodynamics
around the equilibrium state. Let u(t, x) = ϕ(t, x) − x, by the isotropy of the hyperelastic
materials and inherent frame-indifference, the mechanism obeys
ρ(x)∂2t u− c
2
2∆u− (c
2
1 − c
2
2)∇(∇ · u) = N(u, u) (1.3)
deduced from (1.2) , where c21 >
4
3c
2
2, and
N i(u, v) = Bijklmn∂l(∂mu
j∂nu
k)
with symmetry
B
ijk
lmn = B
jik
mln = B
ikj
lnm. (1.4)
Here we use the null condition appeared in [19], which means that the self-interaction of each
homogeneous elastic wave family is nonresonant:
B
ijk
lmnωiωjωkωlωmωn = 0, for all ω ∈ S
2 (1.5)
5
B
ijk
lmnηiηjηkωlωmωn = 0, for all η, ω ∈ S
2 with η⊥ω. (1.6)
For three dimensional homogeneous compressible elastic waves in which the density is always
a constant, John [10] first showed a small displacement solution exists almost globally via
an L1 − L∞ estimate (see also [14] dependently by the generalized energy method). Sideris
[18] discovered a null condition within the class of physically meaningful nonlinearities and
established the global existence theory via an enhanced decay estimate. Refinements for the10
proof of global existence were presented by Sideris [19] and Agemi [1] independently. Blow
up for elasticity with large initial data was given by Tahvildar-Zadeh [23]. The global well-
posedness of compressible elastic waves in two dimensions is more delicate and still remains
open.
In this paper, we consider the long-time existence of inhomogeneous compressible elastic15
waves in which the density is not a constant any more. By adapting the improved generalized
vector theory of Klainerman [13] and inspired by Sideris [19], we show a unique solution of
(1.3) exists almost globally for non-degenerate elastodynamics near the equilibrium state; see
Theorem 2.1. We also prove that if the elastodynamics is degenerate in the nonlinearities, that
is the system satisfies the null condition as in (1.5) and (1.6), then the solution exists globally;20
see Theorem 2.2. For inhomogeneous case, not only the Lorentz invariance is absent but also
there will be some extra linear terms to be controlled. One difference and difficulty we meet here
2
is that the traditional weighted norm X|α|+2 does not include ‖〈cat− r〉Pa∂
2
t Γ
αu‖L2. Utilizing
the equation, we discover that ‖〈cat − r〉Pa∂
2
t Γ
αu‖L2 can also be controlled by the classical
generalized energy E|α|+2; see Lemma 4.3.25
Next we highlight some closely related results. For homogeneous incompressible elastody-
namics, the equations are inherently linearly degenerate in the isotropic case and satisfy a null
condition that is necessary for global existence in three dimensions (see [20, 21]). In those
papers the authors showed the lower-order energy is bounded but the higher-order energy has
a low-increase ratio in time. Recently, Lei-Wang [17] proved that the higher-order generalized30
energy is still uniformly bounded and provided an improved proof for the global well-posedness.
The difficulty in two dimensional case is highly essential. The first nontrivial long-time exis-
tence result concerning on this problem was established by Lei-Sideris-Zhou [16]. They proved
the almost global existence by formulating the system in Euler coordinate. The breakthrough
of global well-posedness was owing to Lei [15]. He introduced the so-called notion of ”strong35
null condition” and discovered the two dimensional incompressible elastodynamics inherently
satisfies this extremely important structure in Lagrangian coordinate. Based on these discover-
ies, Lei proved the incompressible isotropic elastodynamics in two dimensions admits a unique
global classical solution. The method can even be used to prove the vanishing viscosity limit of
viscoelastic system, see [6]. Wang [24] built the global existence theory of incompressible elas-40
todynamics in two dimensions in frequency space in Euler coordinate. For the inhomogeneous
case, Yin [25] built a model of two-dimensional incompressible elastodynamics and showed the
global existence. The global well-posedness theory of inhomogeneous incompressible case in
three dimensions is coming out in our another paper.
For three dimensional wave equations, John [9] first proved the blow up phenomenon for45
the Cauchy problem of wave equations with sufficiently small initial data but violating null
condition. John-Klainerman [11] showed the almost global existence theory for nonlinear scalar
wave equations. Then Klainerman [13] proved the global existence of classical solutions. This
crucial work was also obtained independently by Christodoulou [7] using a conformal mapping
method. The multiple-speeds case in three dimensions was achieved by Sideris-Tu [22] under a50
null condition. In two-dimensional scalar case, Alinhac established a series of results, a ”blow-up
solution of cusp type” with sufficiently small initial data but without null condition in [2, 3] and
the global existence with null bilinear forms in [4, 5] were obtained. However, the well-posedness
of nonlinear wave systems with multiple speeds in two dimensions is still unknown.
Before ending this section, we make an outline of this paper. We first make some preparatory55
work and state our main results in Section 2. In Section 3, the detailed commutation relation-
ships for the inhomogeneous compressible elastodynamics will be considered. We present some
3
useful L∞ − L2 estimates and weighted L2 − L2 estimates based on the classical Sobolev in-
equalities without Lorentz operators in Section 4. We control the weighted generalized L2 norm
of ∂2t u by the classical generalized energy. In Section 5, the almost global existence of inhomo-60
geneous compressible elastodynamics will be established by a higher-order weighted generalized
energy estimate. The relative lower-order energy estimate will be presented in Section 6 under
the null condition. Combined with the higher-order energy estimate, we can obtain the global
existence theory of the inhomogeneous compressible elastodynamics.
2. Notations and Main Results65
In this work, we concentrate on the long-time existence of the solutions of inhomogeneous
elastodynamics where the density is a small disturbance around a constant state. Without loss
of generality, let this constant state be 1. Thus, we assume
ρ(x) = 1 + ρ˜(x).
Partial derivatives will be presented as
∂ = (∂0, ∂1, ∂2, ∂3) = (∂t, ∂1, ∂2, ∂3), ∇ = (∂1, ∂2, ∂3).
The angular momentum operators are the vector fields
Ω = (Ω1,Ω2,Ω3) = x ∧ ∇,
∇ =
x
r
∂r −
x
r2
∧ Ω, where r = |x| and ∂r =
x
r
· ∇.
By the generators of simultaneous rotations and scaling transform which can be referred to
Sideris [18, 19], the angular momentum operators and scaling operator are given as
Ω˜l = ΩlI + Ul, l = 1, 2, 3,
with
U1 =


0 0 0
0 0 1
0 −1 0

 , U2 =


0 0 −1
0 0 0
1 0 0

 , U3 =


0 1 0
−1 0 0
0 0 0

 ,
and
S˜ = t∂t + r∂r − 1.
Let
Γ = (Γ0, · · · ,Γ7) = (∂, Ω˜, S˜), where Ω˜ = {Ω˜1, Ω˜2, Ω˜3}.
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As in [19], the standard generalized energy is defined as
Ek(u(t)) =
1
2
∑
|α|≤k−1
∫
R3
[ |∂tΓ
αu(t)|2 + c22|∇Γ
αu(t)|2 + (c21 − c
2
2)(∇ · Γ
αu(t))2 ]dx.
To estimate the different family of elastic waves, orthogonal projections onto radial and trans-
verse directions are introduced as follows
P1u(x) =
x
r
⊗
x
r
u(x) =
x
r
〈
x
r
, u(x)〉 and P2u(x) = −
x
r
∧ (
x
r
∧ u(x)).
And the weighted generalized energy is given by
Xk(u(t)) =
2∑
a=1
3∑
β=0
3∑
l=1
∑
|α|≤k−2
||〈cat− r〉Pa∂β∂lΓ
αu(t)||L2
with the notation of 〈·〉 = (1 + | · |2)
1
2 . We characterize the space of initial data in HkΛ, which
is defined as
HkΛ = {(f, g) :
∑
|α|≤k−1
(‖Λαf‖L2 + ‖∇Λ
αf‖L2 + ‖Λ
αg‖L2) <∞},
where
Λ = {▽, Ω˜, r∂r − 1}.
For simplicity of presentation, throughout this paper, we utilize A . B to denote A ≤ CB for
some positive absolute constant C.
Now we are ready to state our main results, which generalize the work of Klainerman-Sideris
[14], Agemi [1] and Sideris [18, 19] to the inhomogeneous case.
Theorem 2.1 (Almost Global Existence). Let k ≥ 9. Suppose U0 = (u(0), ut(0)) is the initial
data of (1.3) and satisfies
||U0||Hk
Λ
≤M, and ||U0||Hk−2
Λ
≤ ǫ,
where M, ǫ > 0 are two given constants. If70
‖〈r〉Λαρ˜(x)‖L2 ≤ δ <
1
2
, for |α| ≤ k + 2 (2.1)
is small enough, then there exists a ǫ0 sufficient small, which only depends on M,k, δ such that
for any ǫ ≤ ǫ0, the Cauchy problem of (1.3) has a unique almost global solution satisfying
E
1
2
k (u(t)) ≤ CM〈t〉
(ε+δ)/2 (2.2)
for some positive constant C uniformly in t.
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Theorem 2.2 (Global Existence). Under the assumption of Theorem 2.1, if (1.5) and (1.6) are
satisfied, then the Cauchy problem of (1.3) admits a unique global classical solution satisfying75
E
1
2
k−2(u(t)) ≤ C1(ε exp{C2M}+ δ exp{C3M}) (2.3)
for some positive constant C1, C2, C3 uniformly in t.
Remark 2.1. In Theorem 2.1 and Theorem 2.2, we need some decay in 〈r〉 for the disturbance
ρ˜ of density. In fact, this is not a necessary request. If the density is a small disturbance with
a compact support, Theorem 2.1 and Theorem 2.2 are also valid. By searching some weaker
condition about the density to keep the long-time existence of the inhomogeneous elastic waves,
it is easy to see that assumption (2.1) can be replaced by
‖〈r〉Λαρ˜(x)‖L2 ≤ δ <
1
2
, for |α| ≤ 4
and
‖Λαρ˜(x)‖L2 ≤ δ <
1
2
, for 5 ≤ |α| ≤ k
from the process of proofs.
3. Commutation
To do the generalized energy estimate, it is necessary to analyze what happens if Γ deriva-
tives act on (1.3). We formulate (1.3) to
∂2t u− c
2
2∆u− (c
2
1 − c
2
2)∇(∇ · u) = N(u, u)− ρ˜∂
2
t u. (3.1)
Define
Lu , ∂2t u−Au , ∂
2
t u− c
2
2∆u− (c
2
1 − c
2
2)∇(∇ · u). (3.2)
By direct calculation, we obtain the following commutation
∂Lu = L∂u, Ω˜Lu = LΩ˜u, S˜Lu = LS˜u− 2Lu, S˜∂2t u = ∂
2
t S˜u− 2∂
2
t u,
and
∂N(u, v) =N(∂u, v) +N(u, ∂v), ∂(ρ˜∂2t u) = ∇ρ˜∂
2
t u+ ρ˜∂
2
t ∂u,
Ω˜N(u, v) =N(Ω˜u, v) +N(Ω˜u, v), Ω˜(ρ˜∂2t u) = Ω˜ρ˜∂
2
t u+ ρ˜∂
2
t Ω˜u,
S˜N(u, v) =N(S˜u, v) +N(u, S˜v)− 2N(u, v), S˜(ρ˜∂2t u) = (r∂r − 1)ρ˜∂
2
t u+ ρ˜∂
2
t S˜u− 2ρ˜∂
2
t u.
Then we have
L∂u =2N(∂u, u)−∇ρ˜∂2t u− ρ˜∂
2
t ∂u,
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LΩ˜u =2N(Ω˜u, u)− Ω˜ρ˜∂2t u− ρ˜∂
2
t Ω˜u,
LS˜u =2N(S˜u, u)− (r∂r − 1)ρ˜∂
2
t u+ ρ˜∂
2
t S˜u
according to symmetry (1.4). For any multi-index α = (α1, · · · , α8) ∈ N
8, we then can get the80
following
LΓαu ⋍
∑
|β+γ|=|α|
N(Γβu,Γγu)−
∑
|β+γ|=|α|
Λβρ˜∂2t Γ
γu. (3.3)
Here we use notation A ⋍ E + F means that A = k1E + k2F for some finite positive numbers
k1 and k2 which depend only on α.
4. L∞ and weighted L2 estimates
From the theory of nonlinear wave equations, we know that a priori estimates play the85
key role of global existence. Klainerman [12] obtained pointwise bounds for the unknown that
decay as t → ∞ by building some Klainerman-Sobolev estimates with a larger collection of
vector fields that preserve the linear wave equation. Armed with these estimates, it is not hard
to adapt the proof of the local existence theorem to obtain global existence in certain cases.
But for elastodynamics, the Lorentz invariance is absent. The following improved Sobolev-type90
estimates were appeared partially in [19] (see also [14]).
Lemma 4.1 ([19]). Let u ∈ HkΓ(T ) and Xk(u(t)) <∞, then
〈r〉
1
2 |Γαu(t, x)| ≤ CE
1
2
k (u(t)), |α|+ 2 ≤ k, (4.1)
〈r〉|∂Γαu(t, x)| ≤ CE
1
2
k (u(t)), |α|+ 3 ≤ k, (4.2)
〈r〉〈cαt− r〉
1
2 |Pα∂Γ
αu(t, x)| ≤ C[E
1
2
k (u(t)) + Xk(u(t))], |α|+ 3 ≤ k, (4.3)
〈r〉〈cαt− r〉|Pα∂∇Γ
αu(t, x)| ≤ CXk(u(t)), |α|+ 4 ≤ k. (4.4)
For small solutions of the inhomogeneous elastodynamics, the weighted norm Xk can be
controlled by the energy E
1
2
k . Before doing this, we first state a basic estimate appeared in [19].
Lemma 4.2. Let u ∈ H2Γ(T ), then
X2(u(t)) . E
1
2
2 + t‖Lu(t)‖L2 .
The following lemma shows that ‖〈cat − r〉Pa∂
2
t Γ
αu‖L2 can be controlled by the weighted
norm X|α|+2.95
Lemma 4.3. Suppose u ∈ HkΓ(T ) is a solution of (1.3), then there holds
∑
|α|≤k−2
‖〈cat− r〉Pa∂
2
t Γ
αu‖L2 . Xk + X[ k−1
2
]+3E
1
2
k−1 + XkE
1
2
[k−1
2
]+3
. (4.5)
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Proof. From (3.3), we have
∑
|α|≤k−2
‖〈cat− r〉Pa∂
2
t Γ
αu‖L2 ≤
∑
|α|≤k−2
‖〈cat− r〉Pa∇
2Γαu‖L2
+ C
∑
|α|≤k−2
∑
|β+γ|=|α|
‖〈cat− r〉Pa∇
2Γβu∇Γγu‖L2
+
∑
|α|≤k−2
∑
|β+γ|=|α|
‖〈cat− r〉PaΛ
βρ˜∂2t Γ
γu‖L2.
(4.6)
If ‖ρ˜‖Hk
Λ
≤ 12 , then the last term of (4.6) can be absorbed by the left. Then we have
∑
|α|≤k−2
‖〈cat− r〉Pa∂
2
t Γ
αu‖L2 . Xk +
∑
|α|≤k−2
∑
|β+γ|=|α|
‖〈cat− r〉Pa∇
2Γβu∇Γγu‖L2 (4.7)
Because that |β + γ| ≤ k − 2, either |β| ≤ [k−12 ] − 1 or |γ| ≤ [
k−1
2 ] holds. If |β| ≤ [
k−1
2 ] − 1,
then by (4.4) in Lemma 4.1,100
∑
|α|≤k−2
∑
|β+γ|=|α|
‖〈cat− r〉Pa∇
2Γβu∇Γγu‖L2
≤
∑
|α|≤k−2
∑
|β+γ|=|α|
‖〈r〉〈cat− r〉Pa∇
2Γβu‖L∞‖∇Γ
γu‖L2
.X[ k−1
2
]+3E
1
2
k−1.
(4.8)
If |γ| ≤ [k−12 ], then by (4.1) in Lemma 4.1,
∑
|α|≤k−2
∑
|β+γ|≤|α|
‖〈cat− r〉Pa∇
2Γβu∇Γγu‖L2
≤
∑
|α|≤k−2
∑
|β+γ|≤|α|
‖〈cat− r〉Pa∇
2Γβu‖L2‖∇Γ
γu‖L∞
.XkE
1
2
[ k−1
2
]+3
.
(4.9)
Finally, (4.5) is completed from (4.7)-(4.9). 
Lemma 4.4. Suppose u ∈ HkΓ(T ) is a solution of the equation (1.3), then
Xk . E
1
2
k + X[ k−1
2
]+3E
1
2
k−1 + XkE
1
2
[ k−1
2
]+3
. (4.10)
Proof. Applying Lemma 4.2, we have that
Xk(u(t)) . E
1
2
k +
∑
|α|≤k−2
t‖LΓαu(t)‖L2 .
By (3.3), we obtain that
Xk(u(t)) . E
1
2
k +
∑
|β+γ|≤k−2
t‖∇2Γβu∇γu‖L2 +
∑
|β+γ|≤k−2
t‖Λβρ˜∂2t Γ
γu‖L2. (4.11)
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For t‖∇2Γβu∇γu‖L2, there holds either |β| ≤ [
k−1
2 ]− 1 or |γ| ≤ [
k−1
2 ]. Note that
〈t〉−1〈r〉
∑
a
〈cat− r〉Pa & I, (4.12)
thus we can control it by
t‖∇2Γβu∇γu‖L2 .
∑
a
‖〈r〉〈cat− r〉Pa∇
2Γβu‖L∞‖∇Γ
γu‖L2
while |β| ≤ [k−12 ]− 1, and
t‖∇2Γβu∇γu‖L2 .
∑
a
‖〈cat− r〉Pa∇
2Γβu‖L2‖〈r〉∇Γ
γu‖L∞
while |γ| ≤ [k−12 ].
Because of Lemma 4.1, we obtain
∑
|β+γ|≤k−2
t‖∇2Γβu∇γu‖L2 . X[ k−1
2
]+3E
1
2
k−1 + XkE
1
2
[k−1
2
]+3
. (4.13)
For the last term of (4.11), note (4.12), we have
∑
|β+γ|≤k−2
t‖Λβρ˜∂2t Γ
γu‖L2 .
∑
a
∑
|β+γ|≤k−2
‖〈r〉〈cat− r〉PaΛ
βρ˜∂2t Γ
γu‖L2
.
∑
a
∑
|β+γ|≤k−2
‖〈r〉Λβ ρ˜‖L∞‖〈cat− r〉Pa∂
2
t Γ
γu‖L2,
then by (2.1) and Lemma 4.3,105
∑
|β+γ|≤k−2
t‖Λβρ˜∂2t Γ
γu‖L2 . δ
(
Xk + XkE
1
2
[k−1
2
]+3
+ X[ k−1
2
]+3E
1
2
k−1
)
. (4.14)
Concluding (4.11), (4.13) and (4.14), there exists a uniform constant C such that
Xk(u(t)) ≤ C
(
E
1
2
k +X[ k−1
2
]+3E
1
2
k−1+XkE
1
2
[ k−1
2
]+3
+ δ(Xk +XkE
1
2
[ k−1
2
]+3
+X[ k−1
2
]+3E
1
2
k−1)
)
. (4.15)
If δ ≤ 12C , then we have
Xk(u(t)) ≤ (2C + 1)
(
E
1
2
k + X[ k−1
2
]+3E
1
2
k−1 + XkE
1
2
[k−1
2
]+3
)
.

Lemma 4.5. Let k ≥ 9. Suppose u ∈ HkΓ(T ) is a solution of the equation (1.3), if Ek−2 is
small enough for 0 ≤ t ≤ T , then
Xk−2(u(t)) . E
1
2
k−2(u(t)), (4.16)
110
Xk(u(t)) . E
1
2
k (u(t))[1 + E
1
2
k−2(u(t))], (4.17)
and ∑
|α|≤k−2
‖〈cat− r〉Pa∂
2
t Γ
αu‖L2 . Xk(u(t)) . E
1
2
k (u(t)). (4.18)
The proof of Lemma 4.5 is evident by Lemma 4.4 and Lemma 4.3.
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5. Almost global existence
In this section, we will show the higher-order energy estimate
E ′k(u(t)) . 〈t〉
−1
Ek(u(t))Ek−2(u(t))
1
2 + 〈t〉−1δEk(u(t)), (5.1)
which can be adapted to prove the solution of (1.3) exists almost globally.115
Suppose that u(t) ∈ HkΓ(T ) is a local solution of (1.3). Taking inner product with ∂tΓ
αu on
both sides of (3.3), we get
1
2
d
dt
∫
R3
|∂tΓ
αu|2 + c22|▽Γ
αu|2 + (c21 − c
2
2)(▽ · Γ
αu)2dx
⋍
∑
|β+γ|=|α|
∫
R3
(∂tΓ
αu,N(Γβu,Γγu))dx −
∑
|β+γ|=|α|
∫
R3
Λβρ˜(∂tΓ
αu, ∂2t Γ
γu)dx.
(5.2)
For the first term on the right side of (5.2), if β = α or γ = α, we have
∫
R3
(∂tΓ
αu,N(Γαu, u))dx =Bijklmn
∫
R3
∂tΓ
αui∂l(∂mΓ
αuj∂nu
k)dx
=−Bijklmn
∫
R3
∂t∂lΓ
αui∂mΓ
αuj∂nu
kdx
=−
1
2
d
dt
B
ijk
lmn
∫
R3
∂lΓ
αui∂mΓ
αuj∂nu
kdx
+
1
2
B
ijk
lmn
∫
R3
∂lΓ
αui∂mΓ
αuj∂t∂nu
kdx.
We set
N˜(u, v, w) = Bijklmn∂lu
i∂mv
j∂nw
k,
and
E˜k(u(t)) = Ek(u(t)) +
∑
|α|≤k−1
∫
R3
N˜(Γαu,Γαu, u)dx. (5.3)
Thus
E˜ ′k(u(t)) ⋍
∑
|α|≤k−1
∑
|β|+|γ|=|α|
|β|,|γ|6=|α|
‖∂Γαu‖L2‖∂∇Γ
βu∇Γγu‖L2
+
∑
|α|≤k−1
∑
|β+γ|=|α|
∫
R3
Λβ ρ˜∂tΓ
αu∂2t Γ
γudx.
(5.4)
Since |β|+ |γ| ≤ |α| and |β|, |γ| 6= |α|, we may assume either |β|+ 1 ≤ [k2 ] or |γ| ≤ [
k
2 ]. As the120
way of proving Lemma 4.4 and by Lemma 4.1 and Lemma 4.5, we have that
∑
|α|≤k−1,
∑
|β|+|γ|=|α|
|β|,|γ|6=|α|
‖∂Γαu‖L2‖∂∇Γ
βu∇Γγu‖L2 . 〈t〉
−1E
1
2
k−2Ek. (5.5)
10
To estimate the second term on the right side of (5.4), we revisit it as
∑
|α|≤k−1
∑
|β+γ|=|α|
∫
R3
Λβρ˜∂tΓ
αu∂2t Γ
γudx =
∑
|α|≤k−1
∫
R3
ρ˜∂tΓ
αu∂2t Γ
αudx
+
∑
|α|≤k−1
∑
|β+γ|=|α|
|γ|≤k−2
∫
R3
Λβρ˜∂tΓ
αu∂2t Γ
γudx.
(5.6)
Since ∑
|α|≤k−1
∫
R3
ρ˜∂tΓ
αu∂2t Γ
αudx = −
∑
|α|≤k−1
1
2
d
dt
∫
R3
ρ˜|∂tΓ
αu|2dx,
we set
Eˆk(u(t)) = E˜k(u(t)) +
∑
|α|≤k−1
∫
R3
ρ˜|∂tΓ
αu|2dx, (5.7)
then we have that
Eˆk
′
(u(t)) . 〈t〉−1E
1
2
k−2Ek +
∑
|α|≤k−1
∑
|β+γ|=|α|
|γ|≤k−2
∫
R3
∣∣Λβ ρ˜∂tΓαu∂2t Γγu∣∣dx (5.8)
combined with (5.4)-(5.7). By (2.1), (4.12) and (4.18), we have125
∑
|α|≤k−1
∑
|β+γ|=|α|
|γ|≤k−2
∫
R3
∣∣Γβρ˜∂tΓαu∂2t Γγu∣∣dx
.
∑
a
∑
|α|≤k−1
∑
|γ|≤k−2
〈t〉−1δ‖〈cat− r〉Pa∂
2
t Γ
γu‖L2‖∂tΓ
αu‖L2
.〈t〉−1δXkE
1
2
k .
(5.9)
Consequently, one has
Eˆk
′
(u(t)) . 〈t〉−1E
1
2
k−2Ek + 〈t〉
−1δEk, (5.10)
which gives that
Ek(u(t)) .M
2〈t〉ε+δ, (5.11)
because the modified energy Eˆk(u(t)) is equivalent to the standard one Ek(u(t)) and provided
that Ek−2(u(t)) . Ek−2(u(0)), which implies the almost global existence result of John [9] (see
also [14], [19]).130
6. Global existence
This section is devoted to prove the existence of the global solution of the (1.3) under
assumptions of Theorem 2.2. Combined with the higher-order energy estimate, we will discuss
the lower-order energy estimate
E ′k−2(u(t)) . 〈t〉
− 3
2 E
1
2
k (u(t))Ek−2(u(t)) + 〈t〉
− 3
2 δE
1
2
k (u(t))E
1
2
k−2(u(t)). (6.1)
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From (5.2), (5.3) and (5.7), let |α| ≤ k − 3 , we have135
Eˆ ′k−2(u(t)) ⋍
∑
|α|≤k−3
∑
|β|+|γ|=|α|
|β|,|γ|6=|α|
‖∂Γαu‖L2‖∂∇Γ
βu∇Γγu‖L2
+
∑
|α|≤k−3
∑
|β+γ|=|α|
|γ|≤k−4
∫
R3
Λβρ˜∂tΓ
αu∂2t Γ
γudx.
(6.2)
Like the discussion of Sideris, away from the inner light cone, the first term on the right side of
(6.2) can be controlled by 〈t〉−
3
2 Ek−2E
1
2
k directly by Lemma 4.1. When r is comparable to 〈t〉,
it also can be achieved successfully thanks to the null condition (1.5) and (1.6). We omit the
details here, readers can refer to [19] to get
∑
|α|≤k−3
∑
|β|+|γ|=|α|
|β|,|γ|6=|α|
‖∂Γαu‖L2‖∂∇Γ
βu∇Γγu‖L2 . 〈t〉
− 3
2 E
1
2
k Ek−2. (6.3)
We focus on the last term of (6.2) in two cases: 〈c2t〉 ≤ r and 〈c2t〉 ≥ r. Note that (2.1), (4.12),
(4.18) and (4.2), we have
∑
|α|≤k−3
∑
|β+γ|=|α|
|γ|≤k−4
∫
r≥〈c2t〉
Λβρ˜∂tΓ
αu∂2t Γ
γudx
.
∑
a
∑
|α|≤k−3
∑
|β+γ|=|α|
|γ|≤k−4
〈t〉−1‖〈r〉Λβ ρ˜‖L2‖∂tΓ
αu‖L∞(r≥〈c2t〉)‖〈cat− r〉Pa∂
2
t Γ
γu‖L2
.
∑
|α|≤k−3
〈t〉−1δ‖∂tΓ
αu‖L∞(r≥〈c2t〉)E
1
2
k−2
.
∑
|α|≤k−3
〈t〉−2δE
1
2
k E
1
2
k−2.
(6.4)
When 〈c2t〉 ≥ r, the ratio 〈t〉
−1〈cat− r〉 and 〈t〉
− 1
2 〈c1t− r〉
1
2 are bounded below, with (4.3) in
Lemma 4.1 thus
∑
|α|≤k−3
∑
|β+γ|=|α|
|γ|≤k−4
∫
r≤〈c2t〉
Λβ ρ˜∂tΓ
αu∂2t Γ
γudx
.
∑
a
∑
|α|≤k−3
∑
|β+γ|=|α|
|γ|≤k−4
〈t〉−1‖Λβρ˜‖L2‖∂tΓ
αu‖L∞(r≤〈c2t〉)‖〈cat− r〉Pa∂
2
t Γ
γu‖L2
.
∑
|α|≤k−3
〈t〉−
3
2 δ‖〈c1t− r〉
1
2 ∂tΓ
αu‖L∞E
1
2
k−2
.
∑
|α|≤k−3
〈t〉−
3
2 δE
1
2
k E
1
2
k−2,
(6.5)
Consequently, one has
E ′k−2(u(t)) . 〈t〉
− 3
2 E
1
2
k (u(t))Ek−2(u(t)) + 〈t〉
− 3
2 δE
1
2
k (u(t))E
1
2
k−2(u(t)).
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Attached with (5.11), we have
dE
1
2
k−2(u(t))
dt
.
1
2
〈t〉
−3+ε+δ
2 ME
1
2
k−2(u(t)) +
1
2
δM〈t〉
−3+ε+δ
2 .
Multiplying e−
M
−1+ε+δ 〈t〉
−1+ε+δ
2
on both sides of the above, and solve the ordinary differential
inequality, there holds
E
1
2
k−2(u(t)) . e
M
−1+ε+δ 〈t〉
−1+ε+δ
2
εeC2M + δM
∫ t
0
e−
M
−1+ε+δ 〈s〉
−1+ε+δ
2
〈s〉
−3+ε+δ
2 ds
. εeC2M + δeC3M ,
provided ε+ δ << 1, where C2 and C3 are two constants uniformly in t. The proof of Theorem140
2.2 is completed.
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